Abstract. In this article, following an insight of Kontsevich, we extend the famous Weil conjecture (as well as the strong form of the Tate conjecture) from the realm of algebraic geometry to the broad setting of smooth proper dg categories. As a first application, we prove the noncommutative Weil conjecture (as well as the noncommutative strong form of the Tate conjecture) in the following cases: finite-dimensional algebras of finite global dimension, global orbifolds, noncommutative glueings of smooth proper schemes, root stacks, and Calabi-Yau dg categories associated to hypersurfaces. As a second application, we provide an alternative proof of the classical Weil conjecture in the cases of intersections of two quadrics and linear sections of determinantal varieties. Along the way, we introduce the Hasse-Weil zeta function, resp. the Riemann zeta function, of a smooth proper dg category and study its functional equation, resp. its (absolute) convergence. This leads, in particular, to an alternative noncommutative proof of Serre's (absolute) convergence result.
Introduction and statement of results
Let k := F q be a finite field of characteristic p with q = p r . Given a smooth proper k-scheme X of dimension d, recall that its Hasse-Weil zeta function is defined as the following product
where X 0 stands for the set of closed points of X, κ(x) for the residue field of x, and deg(x) := [κ(x) : F q ] for the degree of the finite field extension κ(x)/F q . Thanks to the (independent) work of Dwork [11] and Grothendieck [13] , the Hasse-Weil zeta function ζ X (s) is known to be a meromorphic function on the entire complex plane which is moreover rational in the variable t := q −s . In the late forties, Weil [44] conjectured the following:
Conjecture W(X): If z ∈ C is a zero, resp. a pole, of the Hasse-Weil zeta function ζ X (s), then Re(z) ∈ { as the (unique) dg enhancement perf dg (X) of the category of perfect complexes perf(X) of smooth proper k-schemes X (or, more generally, of smooth proper algebraic stacks X ); consult [19, 25] . Let us write W (k) for the ring of p-typical Witt vectors of k and K := W (k) 1/p for the associated fraction field. As explained in §5 below, the topological periodic cyclic homology T P ± (A) 1/p of A (this is a finitedimensional Z/2-graded K-vector space) comes equipped with an automorphism F ± called the "cyclotomic Frobenius". After choosing an embedding ι : K ֒→ C, we hence define the Hasse-Weil zeta function of A as follows:
Note that (1.1) is a meromorphic function on the entire complex plane which is moreover rational in the variable t := q −s ; consult also §5. Under these definitions, the Weil conjecture admits the following noncommutative counterpart:
Conjecture W nc (A): If z ∈ C is a zero, resp. a pole, of the Hasse-Weil zeta function ζ A (s), then Re(z) = 1 2 , resp. Re(z) = 0.
Remark 1.2 (Alternative formulation)
. Note that the conjecture W nc (A) may be alternatively formulated as follows: if α ∈ C is an eigenvalue of the automorphism F − ⊗ K,ι C, resp. of F + ⊗ K,ι C, then |α| = q 1 2 , resp. |α| = 1.
The next result relates this conjecture with the classical Weil conjecture: Theorem 1.3. Let X be a smooth proper k-scheme of dimension d.
(i) We have the following equivalence W nc (perf dg (X)) ⇔ W(X).
(ii) A complex number z ∈ C with Re(z) = This conjecture is usually called the "strong form of the Tate conjecture"; consult the survey [42] for its relation with the classical Tate conjecture. It holds for 0-dimensional schemes, for curves, for abelian varieties of dimension ≤ 3, and also for K3-surfaces. Besides these (and other scattered) cases, it remains wide open.
Given a smooth proper k-linear dg category A, recall from §4 the definition of its numerical Grothendieck group K 0 (A) Q / ∼num . Under this definition, the strong form of the Tate conjecture admits the following noncommutative counterpart:
Conjecture ST nc (A): The order ord s=0 ζ A (s) of the Hasse-Weil zeta function ζ A (s) at the pole 0 is equal to dim K 0 (A) Q / ∼num . Proposition 1.5. When A = perf dg (X), the conjecture ST nc (A) reduces to the following equality:
Functional equation. Thanks to the work of M. Artin and Grothendieck (consult [13] and the references therein), the Hasse-Weil zeta function ζ X (s) of a smooth proper k-scheme X of dimension d is known to satisfy the functional equation
where χ(X) stands for the Euler characteristic of X. Intuitively speaking, (1.6) describes the "symmetry" of ζ X (s) along the vertical line Re(s) = d 2 . In the broad setting of smooth proper k-linear dg categories, this "symmetry" is broken! Nevertheless, we still have the following result: Proposition 1.7. Given a smooth proper k-linear dg category A, the quotient
, where (−) ∨ stands for the dual, agrees with the product
where χ(A) := dim(T P + (A) 1/p ⊗ K,ι C) − dim(T P − (A) 1/p ⊗ K,ι C).
Consult Proposition 7.13, resp. Remark 7.22, below for an explicit description of (1.8)- (1.9) in the case where A = perf dg (X), resp. for the analogue of the above functional equation (1.6) when X is replaced by perf dg (X). Remark 1.10 (Related work). In [36] we developed a general theory of (Hasse-Weil) zeta functions for smooth proper dg categories equipped with an endomorphism. Among other applications, this theory led to a far-reaching noncommutative generalization of the results of Dwork [11] and Grothendieck [13] concerning the rationality and the functional equation of the classical (Hasse-Weil) zeta function.
Riemann zeta function. Given a smooth proper scheme X of dimension d over Spec(Z), recall that its Riemann zeta function is defined as the following product
where P stands for the set of prime numbers and X p := X × Spec(Z) Spec(F p ) for the fiber of X at the prime p. Thanks to the work of Serre [32] , the infinite product ( In contrast with Serre's proof, which uses geometric properties of the Riemann zeta function, the proof of Theorem 1.13 is based on the construction of a uniform bound for the number of rational points of the dg categories {A p } p∈P ; consult §7 below for details. Following this latter strategy, we present in Theorem 7.34 below an alternative noncommutative proof of Serre's (absolute) convergence result. Example 1.14 (Smooth proper schemes). When A = perf dg (X), with X a smooth proper k-scheme over Spec(Z), we have a canonical Morita equivalence between the dg categories perf dg (X) p and perf dg (X p ). Consequently, the Riemann zeta function ζ perf dg (X) (s) reduces to the Euler product p∈P ζ perf dg (Xp) (s). Note that in contrast with the classical Riemann zeta function ζ X (s), which converges (absolutely) in the half-plane Re(s) > d, the Riemann zeta function ζ perf dg (X) (s) converges (absolutely) in the half-plane Re(s) > 3 2 . Remark 1.15 (Meromorphic continuation). In the sixties, Serre [31, 32] conjectured that the Riemann zeta function ζ X (s) of a smooth proper scheme X over Spec(Z) admits a (unique) meromorphic continuation to the entire complex plane. In the same vein, we conjecture that the Riemann zeta function ζ A (s) of a smooth proper Z-linear dg category A admits a (unique) meromorphic continuation to the entire complex plane. Here is an example: let A be the dg category perf dg (Spec(Z)). Thanks to Example 1.14 and Remark 1.4(ii), we have the following equalities:
Therefore, since the famous Riemann zeta function ζ Spec(Z) (s) = n≥1 1 n s (defined on the half-plane Re(s) > 1) is known to admit a (unique) meromorphic continuation to the entire complex plane, we conclude that the Riemann zeta function ζ perf dg (Spec(Z)) (s) (defined on the half-plane Re(s) > 3 2 ) also admits a (unique) meromorphic continuation to the entire complex plane. This implies, in particular, that the above equality (1.16) holds for every complex number s.
Applications I
In this section, making use of Theorem 1.3, resp. of Proposition 1.5, we prove the noncommutative Weil conjecture, resp. the noncommutative strong form of the Tate conjecture, in several different cases.
Finite-dimensional algebras of finite global dimension. Let A be a finitedimensional k-algebra of finite global dimension. Examples include path algebras of finite quivers without oriented cycles and their quotients by admissible ideals. Note that the function 1 (1−q −s ) m has no zeros, that its poles are the complex numbers { 2πi log(q) · n | n ∈ Z}, and also that all the poles have order m.
Global orbifolds. Let G be a finite group of order m, X a smooth proper k-scheme equipped with a G-action, X := [X/G] the associated global orbifold, and F a sheaf of Azumaya algebras 1 over X . In addition to the dg category perf dg (X ), we can also consider the dg category perf dg (X ; F ) of perfect complexes of F -modules.
is a zero, resp. a pole, of ζ perf dg (X ;F ) (s), then there exists a cyclic subgroup
Semi-orthogonal decompositions. Let A, C ⊆ B be smooth proper k-linear dg categories inducing a semi-orthogonal decomposition of triangulated categories 
Example 2.6 (Root stacks). Let X be a smooth proper k-scheme, L a line bundle on X, ς ∈ Γ(X, L) a global section, and n ≥ 1 an integer. Following Cadman [9, Def. 2.2.1] (see also [1, Appendix B] ), the associated root stack is defined as the following fiber-product of algebraic stacks
where θ n stands for the morphism induced by the n th power map on A 1 and G m . As proved by Ishii-Ueda in [17, Thm. 1.6] , when the zero locus D ⊂ X of ς is smooth, the category perf(X ) admits a semi-orthogonal decomposition with n − 1 components equivalent (via a Fourier-Mukai type functor) to perf(D) and with one component equivalent to perf(X). Therefore, by combining Theorem 1.3(i) with an iterated application of Proposition 2.3, we conclude that the conjecture
, and also that 
Moreover, the associated dg category T dg (= dg enhancement of T induced from perf dg (X)) is a smooth proper Calabi-Yau dg category of fractional dimension
. In the particular case where n = 5 and m = 3, the dg categories T dg obtained in this way are usually called "noncommutative K3 surfaces" because they share many of the key properties of the classical K3 surfaces. By combining Theorem 1.3(i) with an iterated application of Proposition 2.3, we hence conclude that the conjecture W nc (T dg ) holds, that ζ perf dg (X) (s) = ζ T dg (s)· 1 (1−q −s ) (n−m) (which implies that the Hasse-Weil zeta functions ζ perf dg (X) (s) and ζ T dg (s) have the same zeros (with the same order)), and also that
Remark 2.10 (Noncommutative strong form of the Tate conjecture). Note that by applying the above implications (2.5), (2.7), and (2.9), to 0-dimensional schemes, to curves, to abelian varieties of dimension ≤ 3, and to K3-surfaces, we obtain several examples of smooth proper dg categories satisfying the noncommutative strong form of the Tate conjecture.
Applications II
As mentioned in §1, Weil proved his famous conjecture in the particular case of curves. In this section, making use of Theorem 1.3, we bootstrap Weyl's result to the cases of intersections of two quadrics and linear sections of determinantal varieties. This yields an alternative proof of the Weil conjecture for all these (higher dimensional) schemes which avoids all the technical tools used by Deligne.
Intersections of two quadrics. Let X ⊂ P n−1 be a smooth complete intersection of two quadric hypersurfaces, with n ≥ 4. The linear span of these two quadrics gives rise to an hypersurface Q ⊂ P 1 × P n−1 and the projection onto the first factor to a flat quadric fibration q : Q → P 1 of relative dimension n − 2. Let us write D ⊂ P 1 for the finite set of critical values of q. 
. Note that item (i), combined with Remark 1.4(i), implies that ζ perf dg (X) (s) and the classical Hasse-Weil zeta function ζ P 1 (s) have the same zeros (with the same order). Item (ii) implies that ζ perf dg (X) (s) has no zeros.
Linear sections of determinantal varieties. Let U 1 and U 2 be two k-vector spaces of dimensions d 1 and d 2 , respectively, with 
Given a generic linear subspace L ⊆ V ∨ , consider the smooth 2 linear sections
Moreover, we have the following equalities
Note that item (i), resp. item (ii), the equalities (3.3)-(3.5), and Remark 1.4(i), imply that ζ perf dg (YL) (s), resp. ζ perf dg (XL) (s), and the classical Hasse-Weil zeta function ζ XL (s), resp. ζ YL (s), have the same zeros (with the same order).
Example 3.6 (Segre varieties). Let n = 1. Thanks to Proposition 3.2(ii), when
Therefore, for example, by letting d 2 → ∞ and by keeping dim(L) fixed, we obtain infinitely many examples of smooth projective k-schemes X L , of arbitrary high dimension, satisfying the classical Weil conjecture.
Therefore, for example, by letting d 1 → ∞ and by keeping n and dim(L) fixed, we obtain infinitely many examples of smooth projective k-schemes X L , of arbitrary high dimension, satisfying the classical Weil conjecture. Moreover, since dim(L) < d 2 n, the above equality (3.3) always holds.
Remark 3.8 (Related work). In [38] , making use of the noncommutative analogue of the classical Tate conjecture and of the Beilinson conjecture (concerning the equality between the rational and the numerical equivalence relations), we proved the strong form of the Tate conjecture ST(X) in all the cases described in the above Propositions 3.1 and 3.2.
Preliminaries
Throughout the article, k := F q is a finite field of characteristic p with q = p r .
Dg categories. For a survey on dg categories, we invite the reader to consult [19] . Let R be a commutative ring and (C(R), ⊗, R) the category of (cochain) complexes of R-modules. A dg (R-linear) category A is a category enriched over C(R) and a dg functor F : A → B is a functor enriched over C(R). In what follows, we will write dgcat(R) for the category of small dg categories and dg functors. Let A be a dg category. The opposite dg category A op , resp. category H 0 (A), has the same objects and The tensor product A⊗B of dg categories is defined as follows: the set of objects is the cartesian product of the sets of objects of A and B and (A⊗ B)((x, w), (y, z)) := A(x, y) ⊗ B(w, z). As explained in [35, §1.1.1 and §1.6.4], this construction gives rise to a symmetric monoidal structure − ⊗ − on the category dgcat(R), which descends − ⊗ L − to the homotopy category Hmo(R). A dg A-B-bimodule is a dg functor B : 
. This pairing is, in general, not symmetric neither skew-symmetric. Nevertheless, the associated left and right kernels of χ agree; see [35, Prop. 4.24] . Hence, we have a well-defined numerical Grothendieck group K 0 (A)/ ∼num := K 0 (A)/Ker(χ). As proved in [36, Thm. 5.1], K 0 (A)/ ∼num is a finitely generated free abelian group. In what follows, we will write
Noncommutative motives. For a book, resp. recent survey, on noncommutative motives, we invite the reader to consult [35] , resp. [33] . Recall from [35, §4.1 and §4.6] the construction of the categories of noncommutative Chow motives NChow(k) Q and noncommutative numerical motives NNum(k) Q . These categories are Q-linear, additive, idempotent complete, rigid symmetric monoidal (i.e., all its objects are dualizable), and come equipped with symmetric monoidal functors
Topological periodic cyclic homology. For recent/modern references on topological (periodic) cyclic homology, we invite the reader to consult [16, 27] . Following 
Linear algebra identities. The following two lemmas, whose proofs are left to the reader, are simple exercises in linear algebra:
we have the following equality of formal power series
where log(t) := m≥1 Lemma 4.3. Let θ : V ± ⊗W ± → C be a perfect bilinear pairing of finite-dimensional Z/2-graded C-vector spaces, and f ± : V ± → V ± and g ± :
Under these assumptions, we have the equalities:
Cyclotomic Frobenius
, where v is a variable of degree −2, and the associated category of Z-graded
. Note that we have the following symmetric monoidal equivalence of categories
where Vect Z/2 (K) stands for the category of Z/2-graded K-vector spaces.
Let A be a smooth proper k-linear dg category. By construction, its topological Hochschild homology T HH(A) carries a canonical cyclotomic structure in the sense of [27, §2] . Using the S 1 -action on T HH(A), we can consider the spectrum of homotopy orbits T HH(A) hS 1 , the spectrum of homotopy fixed-points T C − (A) := T HH(A) 
where N stands for the norm map. It is well-known that the abelian groups T HH * (A) are k-linear. Hence, after inverting p, we have Σ T HH(A)
Consequently, the above cofiber sequence (5.2) leads to a canonical isomorphism:
It is also well-known that the spectrum T HH(A) is a dualizable T HH(k)-module spectrum. Thanks to Bökstedt's celebrated computation T HH
, where u is of degree 2, this implies that the spectrum T HH(A) is bounded below, i.e., there exists an integer m ∈ Z such that T HH n (A) = 0 for every n < m. Since the abelian groups T HH * (A) are k-linear, this also implies that the spectrum T HH(A) is p-complete. Therefore, as explained in [27, Lem. II.4.2], the cyclotomic structure of T HH(A) yields another homomorphism (which is defined before inverting p): 
, where v is a variable of degree −2. Hence, T P * (A) 1/p becomes a Z-graded module over
The above automorphism ϕ of T P * (A) 1/p is semilinear with respect to the isomorphism K ≃ → K induced by the Frobenius λ → λ p on k. Therefore, its r-fold composition ϕ r becomes a K-linear automorphism of T P * (A) 1/p . This latter K-linear automorphism ϕ r is moreover semilinear with respect to the Z-graded
By applying the equivalence of categories (5.1) to (5.5), we hence obtain an automorphism F ± of T P ± (A) 1/p , called the cyclotomic Frobenius. Concretely, F + , resp. F − , is given by the automorphism ϕ r 0 , resp. ϕ (parametrized by the smooth proper k-linear dg categories A) yields an additive symmetric monoidal automorphism of the above functor (4.1).
Zeta functions
Given a smooth proper k-scheme X of dimension d, recall that its zeta function is defined as the following formal power series
where exp(t) := m≥0
Let A be a smooth proper k-linear dg category. After choosing an embedding ι : K ֒→ C, we define the zeta function of A as the following formal power series:
Note that, by definition, we have ζ A (s) = Z A (q −s ). Note also that, thanks to Lemma 4.2, the zeta function of A may be re-written as follows exp(log(
where str(F 
. Moreover, following [16, §7] , the cyclotomic Frobenius F ± of T P ± (perf dg (X)) 1/p corresponds under (7.1) to the automorphism of Z/2-graded K-vector spaces:
. Consequently, we obtain the following description of the Hasse-Weil zeta function:
.
Following [5, VII Thm. 3.2.3], we have moreover the following cohomological interpretation of the classical Hasse-Weil zeta function:
Assume first that the conjecture W nc (perf dg (X)) holds. Thanks to (7.4), this assumption implies that if z ∈ C is a zero of the function
then Re(z) = n 2 . Making use of the equality (7.5), we hence conclude that the conjecture W(X) also holds. Assume now that the conjecture W(X) holds. Thanks to the (recent) proof of the classical Weil conjecture which uses crystalline cohomology theory instead ofétale cohomology theory (consult [18, §5.3]), we know moreover that if z ∈ C is a zero of the function (7.6), then Re(z) = n 2 . This implies that if z ∈ C is a zero of the following function
then Re(z) = 1 2 , resp. Re(z) = 0. Making use of the equality (7.4), we hence conclude that the conjecture W nc (perf dg (X)) also holds. This finishes the proof of item (i). The proof of item (ii) is now clear and follows from the above descriptions (7.4)-(7.5) of the Hasse-Weil zeta functions.
Remark 7.7 (Number of points). Let X be a smooth proper k-scheme of dimension d. On the one hand, recall that the number #X(F q m ) of F q m -rational points of X may be described as the alternating sum
On the other hand, note that the above proof of Theorem 1.3 shows that the number #perf dg (X)(F q m ) of F q m -rational points of perf dg (X) may be described as follows:
Example 7.8 (Projective spaces). Let X = P d be the d-dimensional projective space. In this case, the trace tr((Fr n )
•m ⊗ K,ι C) is equal to q n 2 m when n is even and equal to 0 when n is odd. Consequently, we obtain the following computations:
Intuitively speaking, this shows that the number of points of the dg category perf dg (P d ) can be obtained from the number of points P d by setting q = 1.
Example 7.9 (Elliptic curves). Let C ⊂ P 2 be an elliptic curve. In this case, the trace tr((Fr n )
•m ⊗ K,ι C) is equal to q n 2 m when n = 0, 2 and equal to α m + β m when n = 1, where α and β are conjugate complex numbers of absolute value q 1 2 . Consequently, the obtain the following computations:
For example, when C is the elliptic curve y 2 + y = x 3 and q = 2, we have α = √ 2i, β = − √ 2i, and, hence, the following computations:
Note that, in this example, the number of F 2 m -rational points of perf dg (C) might be negative and that it is always equal to 2 when m is odd.
Proof of Proposition 1.5. On the one hand, Theorem 1.3(ii) implies the following equality: ord s=0 ζ perf dg (X) (s) = d n=0 ord s=n ζ X (s). On the other hand, as explained in the proof of [34, Prop. 1.7(i)], the numerical Grothendieck group K 0 (perf dg (X)) Q / ∼num is naturally isomorphic to Z * (X) Q / ∼num . This implies the following equality:
By definition of the conjecture ST nc (perf dg (X)), the proof follows then from the combination of the above two equalities.
Proof of Proposition 1.7. Consider the following classical evaluation bilinear pairing of finite-dimensional Z/2-graded C-vector spaces:
This bilinear pairing is perfect and, as explained in [29, I §2.3] , the following equality holds ev
Therefore, making use of Lemma 4.3, we conclude that the following quotient
agrees with the product:
By replacing t with q −s in (7.10)-(7.11), we hence conclude that (1.8) agrees with (1.9).
Notation 7.12. Given a smooth proper k-scheme X, let us write B n for the dimension of the C-vector space H n crys (X) ⊗ K,ι C and χ odd (X) := − n odd B n .
Proposition 7.13. In the case where A = perf dg (X), with X a smooth proper k-scheme of dimension d, the quotient (1.8) reduces to
and the product (1.9) reduces to ±q
Proof. We start by proving that (1.8) reduces to (7.14) . Recall from the proof of Theorem 1.3 that, under the isomorphism (7.1), the cyclotomic Frobenius F ± of T P ± (perf dg (X)) 1/p corresponds to the automorphism (7.2)- (7.3). This implies that the induced automorphism (F −1 ± ) ∨ of T P ± (perf dg (X)) ∨ 1/p corresponds to the following automorphism of finite-dimensional Z/2-graded K-vector spaces:
By choosing a basis of H n crys (X), we obtain an identification between H n crys (X) and H n crys (X)
∨ . Under this identification, the automorphism ((
Consequently, (7.15)-(7.16) corresponds to the automorphism of finite-dimensional Z/2-graded K-vector spaces:
. Note that (7.17)-(7.18) imply that (1.8) reduces to (7.14).
Let us now prove that (1.9) reduces to ±q
Making use of the above isomorphism (7.1), we observe that the Euler characteristic χ(perf dg (X)) is equal to the difference n even dim H n crys (X)− n odd dim H n crys (X). Thanks to the classical Lefschetz fixed-point formula, this latter difference agrees with the Euler characteristic χ(X) of X. Hence, in order to conclude the proof, it remains only to show the following equality:
As mentioned above, under the isomorphism (7.1), the cyclotomic Frobenius F ± of T P ± (perf dg (X)) 1/p corresponds to the automorphism (7.2)-(7.3). Consequently, the left-hand side of (7.19) corresponds to the following quotient
Recall from [14, App. C. Thm. 4 .4] that we have the following equalities:
Making use of the equalities (7.21) and of the fact that B n = B 2d−n for every 0 ≤ n ≤ 2d, we hence conclude that the numerator, resp. denominator, of (7.20) is equal to 1, resp. to q −χ odd (X) . This implies the above equality (7.19) and hence finishes the proof of Proposition 7.13.
Remark 7.22 (Functional equation)
. Let X be a smooth proper k-scheme of dimension d. The above equality (7.4) suggests that the Hasse-Weil zeta function ζ perf dg (X) (s) may be understood as the "normalization" of the classical Hasse-Weil zeta function ζ X (s). Note that the "opposite" procedure leads to the function:
Under these notations, the equality of Proposition 7.13 can be re-written as follows:
Intuitively speaking, (7.23) describes the "symmetry" between the Hasse-Weil zeta functions ζ perf dg (X) (s) and ζ op perf dg (X) (s) along the vertical line Re(s) = d 2 .
Proof of Theorem 1.13. We start by bounding, in an uniform way, the number of rational points of the dg categories {A p } p∈P .
Proposition 7.24. There exists an integer
for every p ∈ P and m ≥ 1.
Proof. Following [35, §2.28] , Hochschild homology gives rise to a symmetric monoidal functor HH : dgcat sp (Z) → D c (Z). Since A is a smooth proper Z-linear dg category, this implies not only that the Hochschild homology groups HH n (A), n ∈ Z, are finitely generated but moreover that they are zero for |n| ≫ 0. Let us choose a finite set of generators of HH n (A) and write C n for its cardinality. Under these choices, we set C := n∈Z (C n + C n−1 ). Consider the following symmetric monoidal functor between rigid categories:
, the Hochschild homology HH(A), resp. HH(A p ), can be (conceptually) understood as the Euler characteristic of A, resp. of A p , in the rigid symmetric monoidal category Hmo sp (Z), resp. in Hmo sp (F p ). Consequently, the above functor (7.25) yields an isomorphism
Using the fact that F p admits the free resolution (Z ·p → Z), we hence obtain the Künneth (split) short exact sequence of F p -vector spaces
where Tor p (HH n−1 (A)) stands for the p-torsion subgroup of HH n−1 (A). This naturally leads to the following (in)equality:
Following [35, §2.2.11], periodic cyclic homology gives rise to a symmetric monoidal functor
, where u is a formal variable of degree −2, we have the inequalities:
By combining them with (7.26), we hence conclude that
]. As proved in [2, Thm. 3.4] (see also [6] ), in the same way that Z p /p ≃ F p , we have natural isomorphisms π ± (T P (A p )/p) ≃ HP ± (A p ). Thanks to the inclusions T P ± (A p )/p ⊆ π ± (T P (A p )/p), we hence conclude that T P + (A p )/p and T P − (A p )/p are finite-dimensional F p -vector spaces. Let us denote by d 
. Therefore, by inverting p, we conclude that (7.28)
We now have all the ingredients needed to conclude the proof of Proposition 7.24. Let us denote by α +,1 , . . . , α +,d+ , resp. by α −,1 , . . . , α −,d− , the eigenvalues of the automorphism
Under these notations, we have the following (in)equalities:
where (7.29) follows from the alternative formulation of the noncommutative Weil conjecture W nc (A p ) (see Remark 1.2), (7.30) from the fact that
and (7.31) from the concatenation of the above inequalities (7.27) with (7.28).
Consider the following formal power series (with C-coefficients) 
where the last product stands for the Euler product decomposition of the Dirichlet series ϕ(s). Therefore, the proof of Theorem 1.13 follows now from the next result: , it suffices to show that the infinite sum ϕ(z) converges (absolutely). Thanks to the above equalities (7.32) , the latter infinite sum converges (absolutely) if and only if the infinite product p∈P ϕ p (p −z ) converges (absolutely). Moreover, since exp( p∈P φ p (p −z )) = p∈P ϕ p (p −z ), it is enough to show that the infinite sum p∈P φ p (p −z ) converges (absolutely). This is a consequence of the following inequalities p∈P m≥1
where (a) follows from Proposition 7.24, and of the convergence of p∈P
Finally, note that the Dirichlet series ϕ(s) is non-zero in the half-plane region Re(s) > Here is an alternative noncommutative proof of Theorem 7.34:
Proof. Note first that since X has dimension d and Spec(Z) has dimension 1, the fiber X p has dimension d − 1. In what follows, we will write d n for the dimension of the finite-dimensional C-vector space H n crys (X p ) ⊗ K,ι C. Similarly to the proof of Proposition 7.24 (with A = perf dg (X)), there exists an integer C ≫ 0 such that
recall from Example 1.14 that the dg categories perf dg (X) p and perf dg (X p ) are Morita equivalent. Hence, thanks to the natural isomorphism (7.1), we conclude that 2d−2 n=0 d n ≤ C. Let us denote by α n,1 , . . . , α n,dn the eigenvalues of the automorphism Fr n ⊗ K,ι C of the finite-dimensional C-vector space H n crys (X p ) ⊗ K,ι C. Under these notations, we have the following (in)equalities (7.38) where (7.36) follows from Remark 7.7, (7.37) from the alternative formulation of the classical Weil conjecture W(X p ) (= if α is an eigenvalue of the automorphism Fr n ⊗ K,ι C, then |α| = p n 2 ), and (7.38) from the inequality
Consider the following formal power series (with C-coefficients) Proof. Let z > d be a real number. Similarly to the proof of Proposition 7.33, it is enough to show that the infinite sum p∈P φ ′ p (p −z ) converges (absolutely). This is a consequence of the following inequalities
where ( we have an isomorphism of noncommutative Chow motives:
We start by proving the conjecture W nc (A). Recall from §5 that the assignment U (A) Q → F A ± yields an additive symmetric monoidal automorphism of the functor (4.1). Therefore, the isomorphism (7.41) implies the equivalence of conjectures W nc (A) ⇔ W nc (Z 1 )+· · ·+W nc (Z m ) and the equality ζ A (s) = ζ Z1 (s)·· · ··ζ Zm (s). By combining Theorem 1.3(i) with the fact that Z n and perf dg (Spec(Z n )) are Morita equivalent, we hence conclude that the conjecture W nc (A) holds.
Let us now prove the conjecture ST nc (A). On the one hand, since the conjecture W nc (A) holds, the equality ζ A (s) = ζ Z1 (s) · · · · · ζ Zm (s) implies that ord s=0 ζ A (s) = m n=1 ord s=0 ζ Zn (s). On the other hand, since we have a natural isomorphism [35, §4.7] ), the isomorphism (7.41) (of noncommutative numerical motives), implies that
By combining Proposition 1.5 with the fact that the k-schemes Spec(Z n ) are 0-dimensional, we hence conclude that the conjecture ST nc (A) holds.
Finally, note that the following equalities ζ Zn (s)
Proof of Proposition 2.2. Let us write ϕ for the set of all cyclic subgroups of G and ϕ /∼ for a (chosen) set of representatives of conjugacy classes in ϕ.
We start by proving item (i). Note first that if p ∤ m, then 1/m ∈ k. Since the category NChow(k) Q is Q-linear, we hence conclude from [40, Thm. 1.1 and Rk. 1.3(iii)] that the noncommutative Chow motive U (perf dg (X )) Q is a direct summand of the direct sum
± yields an additive symmetric monoidal automorphism of the functor (4.1). Therefore, thanks to Theorem 1.3, the aforementioned decomposition implies that the conjecture W nc (perf dg (X )) holds. Moreover, if z ∈ C is a zero, resp. a pole, of ζ perf dg (X ) (s), then there exists a cyclic subgroup σ ∈ ϕ /∼ such that z ∈ C is a zero, resp. a pole, of ζ perf dg (X σ ×Spec(k[σ])) (s). Thanks to Lemma 7.42 below, the latter Hasse-Weil zeta function has the same zeros and poles as ζ perf dg (X σ ) (s). Hence, the proof of item (i) is finished.
Let us now prove item (ii). Note first that if m | (q − 1), then 1/m ∈ k and k contains all the m th roots of unity. Since the category NChow(k) Q is Q-linear, we hence conclude from [40, Cor. 1.28(ii)] that the noncommutative Chow motive U (perf dg (X ; F )) Q is a direct summand of the direct sum σ∈ϕ /∼ U (perf dg (Y σ )) Q , where Y σ is a certain σ ∨ -Galois cover of X σ . Recall from §5 that the assignment U (A) Q → F A ± yields an additive symmetric monoidal automorphism of the functor (4.1). Therefore, thanks to Theorem 1.3, the aforementioned decomposition implies that the conjecture W nc (perf dg (X ; F )) holds. Moreover, if z ∈ C is a zero, resp. a pole, of ζ perf dg (X ;F ) (s), then there exists a cyclic subgroup σ ∈ ϕ /∼ and a σ ∨ -Galois cover Y σ → X σ of X σ such that z ∈ C is a zero, resp. a pole, of ζ perf dg (Yσ ) (s).
Lemma 7.42. We have the following equality:
Proof. As proved in [39, Lem. 4 .26], we have the following Morita equivalence:
Moreover, the dg category perf dg (Spec(k[σ])) is Morita equivalent to the k-algebra k [σ] . Hence, we obtain the equalities in the Witt ring Witt(C) (consult §5):
Note that since σ ⊆ G and 1/m ∈ k, the integer #σ is also invertible in k. This implies that the finite-dimensional k-algebra k[σ] is semi-simple. It implies moreover that the number of simple k[σ]-modules is equal to the number of conjugacy classes of σ, i.e., to the cardinality #σ of σ. Making use of Proposition 2.1, we then conclude that the right-hand side of (7.44) agrees with the following power series
where (a) follows from the fact that (1 − t) is the multiplicative identity of the Witt ring Witt(C) = (1 + tC t , ·, * ). Finally, by replacing t with q −s in the above equalities (7.44)-(7.45), we obtain the searched equality (7.43).
Proof of Proposition 2.3. As proved in [35, Prop. 2.2] , the inclusions of dg categories A, C ⊆ B give rise to an isomorphism of noncommutative Chow motives:
Recall from §5 that the assignment U (A) Q → F A ± (parametrized by the smooth proper dg categories A) yields an additive symmetric monoidal automorphism of the functor (4.1). Therefore, the isomorphism (7.46) implies the equivalence of conjectures W nc (B) ⇔ W nc (A) + W nc (C) and the equality ζ B (s) = ζ A (s) · ζ C (s). This proves the first claim.
Let us now prove the second claim. On the one hand, since by assumption the conjecture W nc (B) holds, the above equality ζ B (s) = ζ A (s) · ζ C (s) implies that (7.47) ord s=0 ζ B (s) = ord s=0 ζ A (s) + ord s=0 ζ C (s) .
On the other hand, similarly to the proof of Proposition 2.1, by applying the functor Hom NNum(k) Q (U (k) Q , −) to the isomorphism (7.46) (of noncommutative numerical motives), we obtain the following equality
By definition of the noncommutative strong form of the Tate conjecture, the proof follows then from the combination of the equalities (7.47)-(7.48).
Proof of Proposition 3. where Cl 0 (q) stands for the sheaf of even parts of the Clifford algebra associated to the flat quadric fibration q : Q → P 1 . Recall from §5 that the assignment U (A) Q → F A ± yields an additive symmetric monoidal automorphism of the functor (4.1). Therefore, the above semi-orthogonal decomposition (7.49), combined with an iterated application of Proposition 2.3, gives rise to the following equivalence (7.50) W nc (perf dg (X)) ⇔ W nc (perf dg (P 1 ; Cl 0 (q))) and also to the following equality:
(7.51) ζ perf dg (X) (s) = ζ perf dg (P 1 ;Cl0(q)) (s) · 1 (1 − q −s ) (n−4) .
We start by proving item (i). Following [23, §3.5 ] (see also [3, §1.6]), let Z be the center of Cl 0 (q) and Spec(Z) =: P 1 → P 1 the discriminant cover of P 1 . As explained in loc. cit., P 1 → P 1 is a 2-fold cover which is ramified over D. Moreover, since D is smooth, P 1 is also smooth. Let us write F for the sheaf Cl 0 (q) considered as a sheaf of noncommutative algebras over P 1 . As proved in loc. cit., since by assumption q : Q → P 1 has only simple degenerations, F is a sheaf of Azumaya algebras over P 1 . Moreover, the category perf(P 1 ; Cl 0 (q)) is equivalent (via a Fourier-Mukai type functor) to perf( P 1 ; F ). Note that since the Brauer group of every smooth curve over a finite field k is trivial, the latter category reduces to perf( P 1 ). Therefore, thanks to Theorem 1.3(i), the above equivalence (7.50) reduces to W(X) ⇔ W( P 1 ) and the above equality (7.51) reduces to ζ perf dg (X) (s) = ζ perf dg ( P 1 ) (s) · 1 (1−q −s ) (n−4) . Since P 1 is a curve, this implies, in particular, that the conjecture W(X) holds. Let us now prove item (ii). Note first that if p = 2, then 1/2 ∈ k. Following [23, §3.6] (see also [3, §1.7] ), let P 1 the discriminant stack associated to the flat quadric fibration q : Q → P 1 . As explained in loc. cit., since by assumption 1/2 ∈ k, P 1 is a square root stack. Moreover, its zero locus is equal to the finite set D ⊂ P 1 of critical values of q. Following Example 2.6, we hence conclude that the conjecture W nc (perf dg ( P 1 )) holds and also that (7.52) ζ perf dg ( P 1 ) (s) = ζ perf dg (D) (s) · ζ perf dg (P 1 ) (s) = 1
Let us write F for the sheaf Cl 0 (q) considered as a sheaf of noncommutative algebras over P 1 . As proved in loc. cit., since by assumption q : Q → P 1 has only simple degenerations, F is a sheaf of Azumaya algebras over P 1 . Moreover, the category perf(P 1 ; Cl 0 (q)) is equivalent to perf( P 1 ; F ). Note that since the Brauer group of every smooth curve over a finite field k is trivial, the latter category reduces to perf( P 1 ). Therefore, thanks to Theorem 1.3(i), the above equivalence (7.50) reduces to W(X) ⇔ W nc (perf dg ( P 1 )) and the above equality (7.51) reduces to ζ perf dg (X) (s) = ζ perf dg ( P 1 ) (s) · 1 (1 − q −s ) (n−4) Remark 7.53 (Embedding). Note that all the results in this article are independent of the embedding ι : K ֒→ C chosen in §1.
